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Objective: Jointly learn the coupling of a discrete optimal transport problem and a

OPTIMAL TRANSPORT

Setting

o Metric spaces: Qs € R% and Qr € R%

e Probability measures: us on {2s and p7 on 24

e Training sets: X, = {x7}, with x* ~ us and X; = {x}}*,
with xt ~ pur

e Empirical distributions: fis =) ., pfoxs and fir = > ;" pidyx

e Cost function: c¢: Qs x Q7+ — [0, 0o, here c(x,x') = ||x — X’HQ

Monge’s problem Find a transport map such that:

\

T" = arginf </ c(x,T(x))dus(x), THus = pur ¢ -
T:93—>QT ANV )

Kantorovich’s relaxation Find a probabilistic coupling such that:

Yo = arg min/ c(x®,x")dy
yell Qs X7

where IT = {7y | vos = is, v, = p7}- In the discrete case C is a cost
matrix and II = {7 c (RT)sxnt| 41, = s,y 1, = ,LLT} such that:

v = argmin (v, C) » = argmin Tr(y" C).
WEﬁ veﬁ

Barycentric mapping Given a probabilistic coupling v, we need to
map the examples from {2gs to {27

N

Xs = B’Y(XS) — diag(”ylnt)_17xt

= ns,yYX; when the examples are 1.1.d..

Drawbacks

e No out-of-sample projections, no explicit transport map: the cou-
pling matrix has to be computed again for each new example.

e No control over the nature of the coupling: inducing specific prop-

erties on the transport map (¢.e. regularity, divergence free, etc.)
is hard.

Our solution We propose to jointly learn the coupling and an
approximation of the corresponding transport map:
e Explicit transformation: there is no need to compute the trans-
port map again to project new examples.

e [Limited set of transformations: the nature of the transforma-
tions considered regularizes the transport.
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Difference between Transformation and Coupling

Linear Transformation

{:3

- RdSth,VXS € Ng, 1'(x%) = x5T }
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Algorithm 1: Joint Learning of

and .

input : X, X; source and target examples and A, A7 hyper
parameters (tuned by circular validation).
output: L., .
1 begin
2 Initialize k = 0, 4" € [T and =1
3 repeat
4 Learn """ with fixed using a Frank-Wolfe approach.
5 Learn with fixed v using a closed form approach.
6 Set k =k + 1.
7

until convergence
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approximating the corresponding transport map.

A A
: C
max(C) POl T dod, T

Cost of the Coupling Regularization of the Transformation

Non-linear Transformation

H = { 3L e R" *vx® € Qg, (x°) = kx_(x*") }
EXPERIMENTS
Domain Adaptation: Moons Dataset
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Domain Adaptation: Office-Caltech Dataset
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THEORETICAL DISCUSSION
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Learned transformation:

(x*)

True transport map: 77 (x*)

Empirical barycentric mapping: B (x*)

Theoretical barycentric mapping: B, (x*)
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LINKS
POT: Python Optimal Transport: https://github.com/rflamary/POT

Poisson Blending with Adapted Gradients:

)
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L2 E By (x) = T ()%
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https://github.com/

ncourty/PoissonGradient
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Seamless Copy in Images: Poisson Blending [Perez 03] with
Gradient Adaptation




